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The proper generalized decomposition for the simulation of delamination using cohesive zone model Composite laminates are subject to intralaminar failure mechanisms, such as ber fracture or matrix cracking, and interlaminar failure, such as delamination.
Failure can occur due to static, cyclic or impact loadings and can be related to manufacturing defects. When a composite structure is impacted (tool drops, hail, ...) small and hardly detectable damages can appear and evolve in time before being critical. The modeling of damage appearance and evolution is very important to assess the durability of structures. Delamination is one of the most critical and frequent damage in laminated composites and must be modeled with careful attention.
Dierent approaches were developed to study delamination, or in general the crack appearance and propagation in a material where the crack path is previously known.
The fracture mechanic approaches have been initially developed by Grith and Irwin to explain the failure of brittle materials when the non linearities are negligible. In practice, most materials possess a non linear zone in the crack tip. It is characterized by a softening behavior, and is referred to as the fracture process zone. With a small process zone size, the Linear Elastic Fracture
Mechanics approaches (LEFM) have been proven to be reliable in predicting the propagation of a pre-existing crack using the Finite Element Method (FEM).
This is then necessary to calculate the energy needed to let the crack propagate after the onset of delamination, which is called the energy release rate. The most suited fracture mechanics approach to evaluate this energy is the Virtual
Crack Closure Technique (VCCT), which uses the nodal forces and displacements computed by FEM [1, 2] . The VCCT method is based on Irwin's crack closure integral [3] , and assumes that the crack length increment remains small.
This technique becomes more eective when the mesh is rened and requires the previous knowledge of the crack location as well as its direction of propagation [4] . However, the VCCT presents many diculties when implemented within a nite element code. For instance, it requires remeshing at the crack tip during the growth of delamination.
To overcome the limitations of the LEFM, other approaches have been proposed. One of these approaches is the Cohesive Zone Models (CZM). It is based on the use of interfacial nite elements between the layers of the laminated composite. The CZM assumes the presence of a process zone ahead of the crack tip.
The cohesive elements are delimited by two cohesive surfaces linked together by cohesive forces. The concept of this approach comes from the Dugdale and Barenblatt cohesive models [5, 6] and was also used by Needleman. Compared to the VCCT method, and in conjunction with the FEM [7, 8] , the CZM has the ability to predict both the onset and the propagation of the crack. It combines the application of a strength criterion to predict the onset of decohesion, together with an energy criterion to model the propagation. The relation between the relative separation of the cohesive surfaces and the cohesive stresses is described by a constitutive law. This constitutive equation is based on the assumption that when the separation between the interfaces increases, the cohesive stresses reaches the onset, then progressively decreases to zero and complete fracture.
The use of the CZM in association with the FEM oers the opportunity to study the crack propagation in dierent modes. These fracture modes can be classied as a normal-opening mode (mode I), and two shear sliding modes (mode II and mode III). The crack can occur in any of these modes, or as a combination of them. The use of cohesive elements in FEM codes is certainly the most rigorous strategy to simulate damages like delamination.
However, the implementation of the CZM in nite element codes has several disadvantages. First, it can lead to convergence problems, numerical instabilities, mesh sensitivity and computing ineciency in the presence of signicant materiel non-linearities. Secondly, a large number of nite element calculations is often required to evaluate the sensitivity of the model to the interface parameters. Moreover, a relatively rened mesh is needed to increase accuracy [9] , but this could lead to excessive computation time when applied to industrial structures. Furthermore, industrial structures are generally composed of a large number of layers, which requires a high number of interface elements, leading to increased the computational cost as well. In practice, CZM are almost always restricted to academic applications. There is a real need in ecient numerical solvers, that can signicantly reduce the cost of this type of models.
In this paper, a new approach based on Reduced Order Modeling (ROM)
is proposed to treat the delamination in composite laminates. One famous and ecient model reduction method is the Proper Generalized Decomposition (PGD) [10, 11] . The use of the PGD discretization leads to major reductions in computing time and storage cost, especially when the resulting mesh involves a high number of degrees of freedom. This paper proposes a way to implement the CZM in the context of the PGD and suggests some usual numerical tests to evaluate the performance of the method in terms of computational cost and results precision.
The PGD is based on a separated representations of the solution. It enables the reduction in size of the multidimensional and parametric problems [12, 13] . The PGD philosophy was originally proposed by Ladeveze with spacetime problems in the context of the LATIN (LArge Time Increment) method, which was called radial decomposition [14, 15] . The separated representation of the solution (u) is built as a nite sum of N functional products (F i ) involving D functions of each coordinate (x 1 , ..., x D ). This can be written as:
These functions are a priori unknown. This representation is then injected in the weak form of the problem and the non-linear equations are solved. This strategy was successfully employed by Ammar et al. [16, 17] for the kinetic theory description of complex uids. Separated representations have also been used for solving the chemical master equation [18] and stochastic equations within the Brownian Conguration Field framework [19] . The PGD has also been applied in other studies for thermal problems in composite materials [20] and to eciently compute full 3D solutions using in-plane/out-of-plane separated representation of composite laminates [21] . The PGD has demonstrated its capability to study stochastic parametric partial dierential equations [22, 23] .
It has been used then by Vidal [24, 25] for laminated and sandwich composite plates modeling. Where, the comparison between the PGD and the FEM showed good agreement.
The use of CZM in the context of the PGD brings some diculties that are treated in this paper. Firstly, the classical cohesive elements are not directly compatible with the separated representation and therefore the numerical description of the cohesive zone must be rethought. Another diculty raises when trying to represent local singularities for which the PGD is generally unadapted.
There is no evidence that the method will be able to represent nely the comportment in the crack tip.
Therefore, some test cases in dierent fracture modes have to be imple- 
The relation between local separation and interface stress, shown in Figure   1 , can be expressed as:
Where sv zz and t xz are the interlaminar normal and shear stress related to mode I (opening) and mode II (shear). d i is the damage variable, which represents the overall damage at the interface. Initially d i equals 0 and evolves from 0 to 1 after the initiation of the damage.
Constitutive cohesive law under mixed mode delamination
The description of delamination under mixed-mode loading requires: (i) the denition of the interfacial stress and the critical energy release rate for each pure mode and, (ii) the proposition of criteria or laws relating these parameters for mixed loading [28] . From these laws, the critical and maximum separations (d m c and d m m ) under mixed mode loading can be determined. Each failure mechanism consists of two parts: a damage initiation criterion and a damage evolution law.
The damage initiation can be predicted using the quadratic failure criterion, dened as:
Where . + denotes the positive value.
This mixed-mode criterion assumes the coupling between the failure modes and considers that compressive normal stress has no inuence on the delamination onset.
The "power law criterion" appears to be the most advisable in order to predict delamination propagation in carbone/epoxy composite laminates under mixed-mode loading. It states that the damage under mixed loading is governed by a power law interaction between the energies of pure modes, that is:
Where G I and G II are the energy release rates respectively in mode I and mode II, G Ic and G IIc are the critical energy release rates.
The total mixed mode relative displacement d m can be dened as the norm of the two normal and tangential relative displacements: 
Kinematics of the interface element
As mentioned in the introduction, two approaches ares compared in this work: the PGD-CZM and the FEM-CZM. These two approaches use dierent interface elements.
The cohesive surface of a laminate denoted G coh is illustrated in Figure 2 . In 
Remark: In the case of the nite element approach, the number of cohesive elements is related to the number of nodes in the mid-plane surface and to the number of layers. In the PGD approach the number of cohesive element in the thickness is only equal to the number of interfaces between layers.
Mathematical formulation for PGD-Cohesive crack problem
This section focuses on the development of the PGD formulation in conjunction with a bilinear CZM in a two-dimensional domain W =W x x W z . The problem is treated in 2D using plane strain hypothesis. The boundary of W is noted G. For sake of simplicity and without loss of generality, only two layers with the same thickness h are considered. There is then only one interface between layers. This interface is assumed to be parallel to the x direction as represented in Figure 2 . The strategy proposed in this paper requires that the cohesive interface is perpendicular to an axis dening the separated decomposition. For example, an oblique crack can't be treated unless the separated decomposition is dened with new coordinates following the crack.
The weak form of the equilibrium equation for a linear elastic material with a cohesive surface G coh and a cohesive stress vector T coh , without body force
where u * and d * are the virtual displacement and virtual separation, respectively. e is the strain tensor using the matrix form: 
where E x , E z , ν xz and G xz are the materials parameters (elastic modulus, Poisson ratio and shear modulus). The displacement eld u(x, z) is approximated using the following separated form:
are functions of the in-plane coordinate and
are functions involving the thickness coordinate.
• denotes the Hadamard product. Eq. 12 is then equivalent to:
Then, the separated representation of the strain tensor in Lagrangian description gives:
f ,x denotes the derivative of a function f with respect to x. It is assumed that the rst n modes have been determined at previous iterations. In order to enrich the separated approximation, some new functions R u (x), S u (x), R w (x) and S w (x) have to be determined. The new approximation is then:
That can also be written as:
The strain derived from Eq. 15 is:
And test function u * is dened from the separated representation:
The interlaminar normal stress sv zz and shear stress t xz on the interface are computed from the relative displacement vector dened Eq. 9 using the bilinear cohesive law.
In pure modes, the values of λ j with j = I, II are computed from Eq. 4.
, j = I, II (19) In mixed mode, the damage of the interface is described by λ = λ I = λ II . λ is computed from the relations given in section 2.2.
Introducing Eq. 15 and Eq. 18 into the weak form (Eq. 10) it results:´W
The cohesive surface is normal to the thickness so that G coh ≡ Ω x . The initial positions of the two faces of the cohesive zone are dened by their coordinates
on Ω z denoted z + and z − for all x ∈ Ω x . After discretization, z + and z − dene the coordinates of two nodes on Ω z that may be initially at the same position.
It comes using Eq. 15:
Finding the couple of functions (R, S) is a highly non linear problem. For that purpose, an alternating directions strategy is used. It proceeds as follows:
At each iteration a single function R or S is computed alternately assuming the other known. This procedure continues until convergence. So, there are two steps:
1. nding R assuming S 2. nding S assuming R At the beginning of the procedure, the functions R and S are initialized with some arbitrary functions. In practical, the initialization values have a weak impact on the convergence. Random functions coherent with boundary conditions are used in this work.
Only the rst step is described in the following because the second step is very similar.
Then from now on, R(x) is assumed known and S(z) is being looked for.
The test function then becomes:
Implying the strain tensor:
The weak form becomes:´W
The following coecients are dened:
These coecient can be calculated numerically with G coh ≡ W x . Using the previous notations, Eq. 24 becomes:´W
At this point, a classical PGD solver can be used. The terms´´W e(R • S * ). [Ae(R • S)] dW and´´W e(R • S * ). [Ae(u n )] dW can be developed as a sum of simple integrals using the expression of e and A. These integrals on Ω can be separated as a product of integrals on Ω x and on Ω z . The integrals on Ω x can be calculated numerically because all functions dened on W x are known.
It remains a problem on Ω z that can be solved using the nite element method.
For more details about the PGD resolution technique, the reader can refer to [10] .
Numerical simulations
Three fracture mechanics tests were selected to validate the proposed mod- The following strategy is chosen:
1. The operators related to the cohesive zones are linearized using a xed value of λ (λ = 1 at the rst iteration).
2.
A new term of the PGD expansion dened in Eq. 12 is computed with the linearized operators.
3. The partial PGD solution is used to determine the values of the displacement discontinuity δ along the cohesive zone. Then, the cohesive law gives new values for λ. 
Material properties
The specimen geometry used in this work is shown in Figure 3 . The properties of the material (a unidirectional carbon/epoxy composite) and the ones of the cohesive interface are listed in Table 1 . The upper and lower layers (unidirectional layers) of the specimen are modeled with a transverse isotropic constitutive law.
The element size for the solid and the cohesive elements, is the same for all models and is equal to 0.2 mm. The interface element stinesses (K I and K II ) are chosen to get a good compromise between convergence calculation, computation time and elastic properties of the laminate [29] . The computational cost strongly depends on the initial stiness values. As a matter of fact, the
Interfacial properties Since t c has a large inuence on the interface behaviour, we chose to link it to sv c according to the following dependence, already noted in [30] :
is also an important factor to validate the Criseld law [31] . We found that, for certain values of this ratio, the critical energy release rate required to propagate the crack was less than imposed in our calculation.
This observation was already made by Vandellos et al. [31] Table 1 .
In what follows, we describe in details the boundary conditions of each test.
DCB test
The DCB test, with boundary conditions and loadings are shown in Figure 4 .
This test considers a composite laminate with an initial delamination crack a 0 .
It is an opening mode test: the initial crack propagation is forced by applying two opposite forces (P ) or displacements that pull the upper and lower parts of the specimen. The length of the initial crack was a 0 = 20mm. The analytical solutions based on the beam theory [32] for the compliance (C) and on the fracture mechanics for the propagation of the delamination are:
where E x is the longitudinal modulus of the material, h is the half-thickness, b the specimen width, a the instantaneous crack length and P the reaction force. 
ELS test
The ELS test is a simple exural test used in pre-cracked specimen with a xed length L and a xed crack length a 0 [33, 34] . Since L = 60mm, we select a 0 = 35mm to verify the condition a 0 /L > 0.55 necessary to have a stable crack growth. This test produces a failure in mode II due the shear stress between the two cohesive surfaces. According to the beam theory approach and the LEFM, the compliance and the analytical energy release rate for the ELS test can be determined as:
Combining both equations gives: 
MMF test
The MMF is a mixed-mode I/II test [35] that is depicted in Figure 4 . It is also known as mixed-mode end load split test (MMELS). The force is applied on the upper arm in the direction of the thickness while the lower arm remains unloaded. To ensure the mixed mode, the length of the precrack must respect the condition a 0 /L > 0.41. The analytical expressions for the compliance and for the mode I and mode II energy release rates related to the MMF test can be given as:
If the thickness of the two layers are equal, the G II /G I ratio is . The analytical total energy release is given by:
Using Eq. 7, the critical value of the total energy release rate under mixed mode loading can be expressed as follows:
With:
Denition of mixed boundary conditions with the PGD PGD does not enable direct introduction of mixed boundary conditions as required in the MMF test. Several methods have been proposed to incorporate such boundary conditions like penalization method and Lagrangian method [36] .
In our case, these two methods lead to convergence problems. Therefore, a third method more ecient was designed in this paper. Table 2: Quantication of the simulated process zone length using the PGD method.
of some elements which are located at the place where the mixed boundary conditions are imposed. Figure 5 represents the introduction of such virtual elements. The added elements which undergo imposed displacement (the ones situated in the upper part of the specimen) are dened with an elastic modulus E a equal to E x or higher. The other elements corresponding to a free surface (situated in the lower part of the specimen) are dened with an elastic modulus E b equal to zero. In that way, a uniform displacement can be enforce on the right side. The load is transmitted only on the elements situated in the upper part. There is no numerical diculties with E b = 0 because the problem is solved in the context of the PGD. Only 1D problems are treated in practice with no numerical problems.
Tests results
The solution obtained with the PGD gives the functions F i and G i from which the displacement eld is built (using Eq. 12). These functions are depicted for the DCB test in Figure 17 . In all the test cases, the global forcedisplacement curves are shown in Figure 7 . Two stages can be obtained: (i) linear elastic response before damage is initiated and, (ii) crack propagation. In the linear part, when the opening displacement increases, the load increases as well. On the contrary, the load decreases during the crack propagation. A slight nonlinear behavior may be observed before the maximum load point, especially in the MMF test. A very good agreement is observed between PGD and nite element simulations. The analytical model is based on the beam theory and underestimates the compliance and the strain energy release rate.
For these simulations, Figure 8 shows the damage variable along the crack path for an imposed displacement. The process zone was dened as the zone in which the damage variable is strictly between 0 and 1, as shown in Figure   9 . The length of the process zone is given in Table 2 , for a common mesh size of 0.2mm. In these simulations it is mandatory to obtain a number of element in the process zone which is larger than a critical number (3 or 5 elements according to [29] ). In our simulations, we found sucient number of elements in the process zone, as mentioned in Table 2 .
The evolution of the local interface separations along the crack path are shown in Figure 10 . The relative separation decreased from the edge on which the displacement is applied and tends towards zero in the undamaged zone after the process zone. This gure shows that for an imposed displacement equal to 1.5, 5 and 4mm in the case of DCB, ELS and MMF tests respectively, the preexisting crack was propagated by a p equal to 22, 20.2 and 26.8mm. In all cases, a good accordance between the PGD and FEM is obtained at the interface. Table 3 : Mean relative error.
The σ xx and σ zz stress distributions are plotted for the three fracture tests in Table 3 .
A tension zone and a compressive zone are observed near the crack tip in the stress distributions of the DCB test. The compression is generated by the bending moment applied by the upper and low beams of the specimen [37] .
Four stages were isolated in Figure 7 : (i) A the elastic region, (ii) B damage initiation, (iii) C crack growth and (iiii) D advanced growth of the crack.
The cohesive stresses at the dierent stages are depicted in Figs. 14 and 15 for the DCB and ELS test. In the DCB test, the tension and compressive zones mentioned above are present at all stages. The cohesive stress behind the crack tip (tensile stress) follow the evolution of Figure 7 (case of DCB test). The compressive stresses increase continuously. Figure 12 and Figure A 3D DCB test case is realized to focus on the eciency of PGD when increasing the number of nodes in the mesh. To do that, the same specimen geometry as shown in Figure 3 is used, together with the same precrack length as in the previous 2D DCB test. The specimen width is equal to 20mm. The properties of the material are the same as in Table 1 .
The 3D mesh is separated into a 2D and a 1D meshes as represented in Figure 16 .
In this case, the displacement eld denoted u(x, y, z) is approximated using the separated form:
with Figure 17 . The deformed shape and the longitudinal stress distribution (sv xx ) for an imposed displacement equal to 8mm are shown in Figure 18 . The cohesive surface at several iterations is shown in Figure 19 . In this gure, the blue color indicates the undamaged zone, the red color indicates the damaged zone and the process zone is the small part between them. The initial precrack front shape is straight. It is possible to see that the crack initiates at the center-width of specimen. As the crack propagates, the crack front shape becomes slightly convex.
This simulation was performed with 20000 nodes in the 2D mesh and with 30 nodes in the 1D mesh (thickness). In 3D, that represents a total of 1.8 × 10 
